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Introduction

We consider Np bosonic atoms in a 1D box potential of length L at zero
temperature. Single particle state ¢ is a solution of the Gross-Pitaevskii
equation (GPE)
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There exist stationary solutions:
@ bright soliton (go < 0) @ dark soliton (go > 0)
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. R . h Expansion in Bogoliubov modes
Classical description: Deformation of a dark soliton St ) e o o (P sebs peacnt]

Comparision with numerical calculations

In our considerations dark soliton is placed in a weak external potential V/(x).
To calculate a small perturbation of solitonic wavefunction we start with
time—independent GPE:

—%8§¢(X) < i|<15(><)|2<z5(><) + V(x)p(x) = no(x), (2)J
+ po +

¢ = ¢o+ 06 = po+ou=14+0op.

Time—independent, non—homogeneous Bogoliubov—de Gennes equations:
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. R . h Expansion in Bogoliubov modes
Classical description: Deformation of a dark soliton St ) e o o (P sebs peacnt]

Comparision with numerical calculations

do(x — q) = e ""\/po€ tanh (x — q).

J. Dziarmaga, Phys. Rev. A 70, 063616 (2004)

Now we have all vectors to build a complete basis and deformation of the
soliton can be expanded in that basis

5 ad ad
{&f*} AH{ }—i—P {5§d}+Aq[‘;ﬂ+P¢,[”§d]

(o[22

P Oy 0| Vo) + 1t — iR((ug| Vo) + (va| V) =

My
% RN
510 = 2(On 0| Vo) [ ot~ @Povix) =0
0
1i t
op = i / dy (tanhy +vy sechzy) tanhyV(y + q)
0

M. Mochol, M. Ptodzien, K. Sacha Dark soliton in a disorder potential



Expansion in Bogoliubov modes
Expansion in modes of the P3schl-Teller potential

Classical description: Deformation of a dark soliton

Comparision with numerical calculations

Let us start again with the stationary GPE but assume the solution we are
looking for is a real function

P O
(—2ax+po¢fu+ v )>¢>\ 0. (6)J

p=po+op=1+0u ¢ = ¢o+ ¢
¢3(x — ) = potanh?(x — q) = po [L — cosh™2(x — q)]
i
X—=>X+q
(Ho +2) 6¢ = dpugpo — V (x + q) ¢o, () |
where Ho = —%65 - ﬁz(x) — P&schl-Teller Hamiltonian.
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Classical description: Deformation of a dark soliton n modes of the Péschl—Teller potential

Comparision with numerical calculations

There are two bound states: J. Lekner, Am. J. Phys. 75, 1151 (2007)
Eo =-2 tho(x) ~ sech?(x) ~ Oxdo
Ey=-1 1(x) ~ sech(x)tanh(x)

and scattering states
_ K
Ex =% Y (x)

We can therefore expand deformation d¢ over orthonormal basis of
eigenfunctions

0¢p = ao o + a1 Y1 + / dk o Yi(x), (8)J

(B +2)ay = [ de v ()[ondn — V(x + @)ool (9)J
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Expansion in Bogoliubov modes

Classical description: Deformation of a dark soliton Expansion in modes of the Péschl-Teller potential

Comparision with numerical calculations

In order to solve
(Ho +2) 6¢ = pugo — V (x + q) o, (10)

we have to invert the operator Hp + 2 in the Hilbert space what is simple
because all eigenfunctions of Hp are known. That is

56(x) = / dy K(x, ) [6udo — V(y + q)ol, (11)J

where the symmetric kernel K(x, y) reads

2ua0wi(y) +2 [ LI

= —1—16sech2(x)sech2 (y)x
{sh22x + sh®2y + 4ch2x + 4ch2y
—3 — (ch2x + ch2y + 3) [sh2x — sh2y|

—4sh|x — y|shxshy — 6|x — y|} . (12)

K(x,y)
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Expansion in Bogoliubov modes

Classical description: Deformation of a dark soliton Expansion in modes of the Péschl-Teller potential

Comparision with numerical calculations

In the present approach the chemical potential has to be determined by the
normalization condition (¢|¢) = No + O(6¢?)

J dxdy ¢o(x)K(x,y)V(y + q)do(y)
[ dxdy ¢o(x)K(x,y)¢o(y)

= % /dy (tanhy + y sech®y) tanh yV(q + y),

(13)
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Expansion in Bogoliubov modes
Expansion in modes of the P3schl-Teller potential

Classical description: Deformation of a dark soliton

Comparision with numerical calculations

Expansion in Bogoliubov modes:

$(x) = do(x) + > _ [bruic(x) + bivi ()] (14)J

Expansion in modes of the Péschl-Teller potential:

o) = 6u(x) = [ ay KGNVl +ahoot) +0 Z50e, ()]
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Classical description: Deformation of a dark soliton Expansion in Bogoliubov modes

n modes of the P&schl-Teller potential
n with numerical calculations

V(X)

wavefunction
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Figure: In panel (a) we show an example of the optical speckl ial with the correlation length o p = 0.05
R =

and for Vg = 1 while in panel (c) we pi the correspondi lution of the Gross-Pitaevskii equation obtained
numerically (solid black line) and within the perturbation approach (red dashed line). In panels (b) and (d) we
show the same as in (a) and (c) but for g = 1 and V = 0.5. Green dotted lines in (c) and (d) correspond to
unperturbed soliton wavefunctions.
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Effective Hamiltonian

Quantum description Anderson localization of a dark soliton

Perturbative approach:
o] do ug u? Uq u2d
« | = X A0 P, A P, q
|: d) :| |: ¢0 :|+ |: Vo :|+ 0|: v93d + q Vg + q V;d
Uk | v
(e[ ][ %)) @

Non-perturbatlve DZIarmaga approaCh: J. Dziarmaga, Phys. Rev. A 70, 063616 (2004)

ad ad
&)= (& ][ ]en ] E]

+Z(bk{3:]+b2[z;‘:}). (17)

P k

1 substitute

_ 1 2 2, 1 4 2
= [ e G100 + VIO + 510l ~ ulof 19|

+ apply the second quantization formalism
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Effective Hamiltonian
Anderson localization of a dark soliton

Quantum description

The quantum effective Hamiltonian:

A=H,+ As + Ay, (19)J
where
A = g+ [ sVlox—a)P
2
N <2|’;; | IM | COShV((;)_ q)) (20)
fle = 3 ebiby, (21)
k
B = ;«ukwaso) + (vi| V) (i + bf). (22)
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Effective Hamiltonian

Quantum description Anderson localization of a dark soliton

[n(q)? o exp (—%) Anderson — localized eigenstates

02 }(a)‘ | 02 }(bj

wavefunction
f<)
= O
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=
o,
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IZUre: In top panels we show examples of eigenstates of the effective Hamiltonian Hg, see (20),
Fig p panel h ples of eig [9¥n(q)|2 of the eff 1 q (20)
while in bottom panels the corresponding probability densities in log scale. The correlation length of the speckle
potential o g = 0.28 and the strength Vo = 7 x 1075 (left panels) and Vo =1.4 X 104 (right panels). The
cigenstates correspond to the eigenvalue E;; = —3.03 x 10~ 3 (left panels) and E, = —8.58 x 103 (right
panels) and reveal the localization length /|| = 10.5 and /| _ = 15.7, respectively.
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Effective Hamiltonian

Quantum description Anderson localization of a dark soliton

[W) = [n, 08) = n(q)[08), (23) |

According to the Fermi golden rule the decay rate reads

= 271'27,,,, (24)J

where
Yo = |(¥ms Ll i |10, 08) g (k) = | (Wm|(uic| Vo) + (vie| Vb3) |¥0n) |8 (ex)

The lifetime of the Anderson — localized states:
1 =8 x 10° (17 minutes) presented in Figs. 2a and 2c
@ 7 =25 x 10° (5 minutes) presented in Figs. 2b and 2d
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Conclusions

@ Classical analysis of the dark soliton deformation show that external
potential weakly affect soliton structure.

@ Results obtained within perturbation approach and by numerical solution
of the GPE reveal very good agreement even though the strength of the
disorder is of the order of the chemical potential.

@ We showed that the lifetime of the Anderson localized soliton is much
longer than condensate lifetime in a typical experiment.

M. Mochol, M. Ptodzien, K. Sacha, Phys. Rev. A 85, 023627 (2012)
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